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BOUNDS ON THE CONVEX LABEL NUMBER OF TREES
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A convex labelling of a tree is an assignment of distinct non-negative integer labels to vertices
such that whenever x, y and z are the labels of vertices on a path of length 2 then y=(x+z)/2. In
additjon if the tree is rooted, a convex labelling must assign 0 to the root. The convex label number
of a tree T'is the smallest integer m such that T has a convex labelling with no label greater than m.
We prove that every rooted tree (and hence every tree) with # vertices has convex label number less
than 4n. We also exhibit n-vertex trees with convex label number 4n/3+0(n), and n-vertex rooted
trees with convex label number 2n-+o(n).

1. Introduction

A labelling of an undirected graph G=(V, E) is a one-to-one mapping L
of its vertex set ¥ to the nonnegative integers. A large number of interesting prob-
lems in graph theory ask for a labelling which satisfies some special property or is
optimal according to some criterion (see [3] for a survey). For example, the min-cut
linear arrangement problem is to find a labelling that minimizes the quantity
max; ,{(u, v)EE: L(u)éi<L(v)}[. A number of other examples are defined by cri-
teria on the weights of the edges, where the weight of an edge (v, v) is the difference
of the labels of its endpoints, that is |L(x) —L(v)|. For example, a graceful labelling
of G=(V, E) is a labelling such that the weights of the edges are the numbers
1,2,3, ..., |E|. The optimal linear arrangement problem [8] asks for a labelling that
minimizes the sum of the edge weights. Finally, the well known bandwidth problem
[7, 14] is to find a labelling that minimizes the maximum edge weight.

Many graph labelling problems assume special significance when they are
restricted to trees. Although the min-cut linear arrangement problem is NP-complete
for general graphs, recently Yannakakis [16) found a polynomial time algorithm for
this problem when it is restricted to trees (see [4], [5], [11] for earlier partial results).
Another long standing problem, still unsolved, is to prove that every tree has a graceful
labelling; over a hundred papers have appeared on this subject (see [1] for a bibli-
ography). Related problems involving “harmonious”, “d-graceful”, and “elegant”
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labellings also give rise to interesting conjectures in the case of trees (see [10], [12],
and [2] respectively). The optimal linear arrangement for trees can be solved using
dynamic programming [15], whereas the bandwidth problem remains NP-complete [7].

In this paper we consider the convex tree labelling problem and give some
bounds on its solution. A one-to-one function L from the vertices of an unrooted tree
T to the non-negative integers is called a convex labelling of T'if for every path u, v, w
of length 2in T, L satisfies L(v)=(L(x)+L(w))/2. If Tis rooted with root r, then L
must also satisfy L(r)=0. For any convex labelling L of T we define its norm
L] as max {L(»): » is a vertex of T'}. The convex label number of a tree T is defined
as min {||L[|: L is a convex labelling of T7}.

R. Jamison introduced the concept of convex labelling for unrooted trees,
and observed that for any tree it is easy to prove an upper bound which is exponential
in n, the number of vertices. He also conjectured that every n-vertex tree has convex
label number #—1. Rall and Slater [13] disproved Jamison’s conjecture by showing
that if k£ is a constant, then for infinitely many » there is an n-vertex tree with convex
label number greater than n-+k. Rall and Slater also gave an #%/3 upper bound for
the convex label number of any n-vertex tree, and conjectured the existence of a linear
upper bound. In this paper we prove their conjecture, namely that every rooted tree
with n vertices has convex label number less than 4n. We also improve Rall and Sla-
ter’s Jower bound by exhibiting n-vertex unrooted trees with convex label number at
least 4n/3 +0(n) and n-vertex rooted trees with convex label number at least 2 +o0(n).

In the next section we introduce some preliminary notions and go on to prove
the lower bounds for rooted and unrooted trees. In section 3 we give a convex la-
belling algorithm for n-vertex rooted trees and prove that all labels used are less
than 4n. The paper concludes with a discussion of whether the algorithm could
be modified to yield a convex labelling of norm less than 2n.

2. Preliminaries and lower bounds

It is casy to see that if we are interested in minimizing || L|| for convex labellings
L of a tree T, we need only consider those convex labellings which assign 0 to some
vertex. Thus for the remainder of this section we will assume that L is a one-to-
one function from the vertices of T to the nonnegative integers such that L(r)=0
for some vertex r in T. Moreover if T is rooted, # will be the root of T. Even when T
is unrooted we will consider r as its root, thus uniquely defining for every vertex »
other than r, its parent vertex which we will denote by F(®).

We now give an equivalent definition of convex labelling which we will find
more convenient to deal with. If » is a vertex at distance at least two from r, then
F(F@®), F(®), v is a path of length 2 in T. Thus if L is a convex labelling we have
L(F@)=(L(F(F@))+L®)2, or equivalently L(F@))—L(F(F())=L(»)—
—L(F(v)). Moreover it is not hard to see that if for every vertex w which has dis-
tance at least two from r we have L(F(w))—L(F(F(w)))=L(w)—L(F(w)), and
(as we assumed before) L is a one-to-one function from the vertices of T to the
nonnegative integers with L(r)=0, then L is a convex labelling of 7. Thus if we
define the difference along the edge from F(v) to v to be L(v)—L(F(v)), then Lisa
convex labelling if and only if the differences are nondecreasing along every path
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which begins at ». This manner of viewing convex labellings will be useful both in
proving lower bounds and in constructing the algorithm. An immediate consequence
of these observations is the following lemma.

Lemma 2.1. Let L be a convex labelling of T, and suppose v and w are vertices such
that v is on the path from r to w. Then

L} = L(@)+ (L) — LF (@) = (L) = LIF@))(c +1),
where t is the number of edges on the path from v to w. |}

The preceding lemma together with the following corollary will be our main
tools in proving the lower bounds.

Lemma 2.2. Suppose L is a convex labelling of a tree T and that x4, ..., x, Is a path
in T. If q is the integer such that L(x,) is the minimum value of L on the path xy, ..., X,,
then for each u with g=u=t we have |L|=min {2t—u—gq, (u—g+1)(g—1)}.

Proof. Thisis clearly trueif g=1 so assume g=>1. Since L(x,) is the minimum value
of L on the path xi, ..., x,, it Is easy to see that for i>g we have F(x)=x;_,,
and for i<q we have F(x;)=x;,,. Consider the possibilities for L(x,), ..., L(x,).
If L(x)=L(x))+i—q for gq=i=u, then L{x, ;)=L(x)+u—qg+1, and so by
Lemma 2.1 we have |L|=L{x)+u—q+14+(q—2)(u—q+1)=(u—q+1)(g—1) since
L(x))=0. If not, then for some i with g<i=u we must have L(x;)—L(x;_,)=2
and hence L(x)—L(x,_,)=2. Again by Lemma 2.1 this implies

L] = L{x)+u—q+2(t—u) = 2t~u—q. §

Theorem 2.3. For all sufficiently large n there is a rooted tree with n vertices that has
comex label number at least 2n+o(n).

Proof. Let T be the path x;, X,. ..., x, with root x, where g=|Vn ], and let u=3q.
Now if # is large enough we have g=w=pn. Thus by Lemma 2.2, if L is a convex
labelling of T then |L|=min {2n—4q, 2q+1)(g—1)}=2n+0(n). |

Theorem 2.4. For all sufficiently large n there is a tree with n vertices with comex label
number at least 4n/3+o0(n).

Proof. Roughly speaking, the n-vertex tree with convex label number at least
4n/3+o0(n) is comb shaped with spine of length n—#*® and teeth of length n'/2
uniformly spaced along the spine at intervals of length n*2. More precisely let k=
=|n?|, and assume k>11. Note that this implies n>11k% Let S be a path vy, ...
., v, where m=n—k(k—1), and for 1=i=k—1 let T; be a path of k vertices.
Then T is the n-vertex tree formed by adding an edge from one end of T; to s
for 1=i=k—1. If s=k% for some i, we call the vertex v, a junction vertex. In other
words v, is a junction vertex if some tooth T; is adjoined to the spine § at v;.

Let L be a convex labelling of 7 and let »; be the vertex of S such that L(v))
is the minimum value of L on S. Thinking of the vertex r with L(¥)=0 as the root,
it is easy to see that either v; is r, or v; is a junction vertex and r is a vertex of the
tooth which is adjoined to S at »;. We will assume that j=n/2 as similar arguments
apply in the case j>n/2. The remainder of the proof depends on whether j=n/3.
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First suppose j=n/3. Since n>11k® there is some junction vertex v, with
J<8=j+k% Let x; be the leaf at the end of the tooth which is adjoined to the spine
at v, and let x,, ..., x, be the path from x, to »,,in T. Thus x,, ..., Xx; is the tooth and
X i1 --o» X; 15 the path v, ..., v, along the spine. Since j<s, the minimum value of
L on the path x,, ..., x, occurs at x, ., =v,. Letting u=|(4/3)k?|, we have k+1=
=u=t, and by Lemma 2.2, |L|=min {2¢—[4/3)k*—-k—1, ((4/3)k*—k)k}.
Obviously

((4/3) k¥ —k)k = 4n/3+0(n)
since k=[n"3. Now

t=m—s+k+1>(n—k(k—1)—(n/3+k®)+k+1,

and from this it is easy to see that 2r—|[(4/3)k?|—k —1=4n/3+0(n) also.

Now suppose that n/3<j=n/2. For this case our general strategy is to show
that if L does not satisfy [L| =4n/3+0(n), then L must have the following proper-
ties. On an interval immediately to the left of v; the differences must be less than 4,
on an interval slightly to the right of »; the differences must be exactly 2, and the
value on a particular tooth vertex close to »; must not be too large. Finally we will
show that these properties are contradictory. First observe that we may assume that
L) —L(r)<4 for n/3—(11/3)k*<i=/, since otherwise Lemma 2.1 would give
L =4(GE—1)=4nr/3+0(m). We will refer to this as the left-side assumption.

Next let v be the junction vertex with j+3=s<j+3+k% We will show we
may assume that L(v)—L(v;_)=2 for s=i=s+2/3)k%. If L)—L(v;_)=1
for some such i, then L(v,)—L(v,_y)=1 for j+1=u=i This implies
L(w;_-)—L(w)=i—j+1=4 which contradicts the left-side assumption. Thus
L(v;)—L(v;_;)=2. On the other hand, L(v¢;)—L(»;_,)=2 since otherwise Lemma
2.1 would imply LI =3(m—i)=3n/240(m) as i=n/2+3+(5/3)k* and m=n—k2

Let x be the tooth vertex adjacent to v, If L(x)=L(»,)+(4/3)k?* we are done
since Lemma 2.1 applied to the tooth would yield [|L|| =k ((4/3)k?)=4n/3+o(n).
Thus suppose L(x)<L(v,)+(4/3)k> Let p be maximal such that L(»,)>L(x) and
p=j. To see that such a p must exist, first note that we have L(x)<L(z,)+(4/3)k?=
= L(v)+2(s— ) + (4/3)k* < L(0;) + 2(3 + k%) + (4/3) k2 = L (»;) + 6 + (10/3) k®. Next
let u=;—[(11/3)k%|+1. Note thatu=1since j>n/3>(11/3)k% Now L(v,)=L(v,)+
+j—u—1=L(»;)+(11/3)k*—2>L(x), since k=>11. This shows that p exists, and
moreover, p=u>n/3—(11/3)k%. 1In addition, since L{v;)<L(x), we have p<j.
Hence, by the maximality of p we have L(v,,,)<L(x).

Finally we observe that since L(vs.)=L(v)+2i for 0=i=(2/3)k* there
exists some {>0 such that L(v,,;_)=L(x)—1 and L(»,,;)=L(x)+1. Thus we
have L(v,.)<L(x), L(vy;-)=L(x)—1, L(rs)=L(x)+1, and L(v,)>L(x).
This implies L(v,)—L(v,.,)=4, contradicting the left-side assumption since
nf3—(11/DHkt<p+1=;. §

3. The upper bound

In this section we prove that every rooted tree with » vertices has convex
label number less than 4n, by presenting an algorithm which constructs a convex
labelling with norm <4n. The labelling algorithm can be implemented with O (n log n)
running time.
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We will use the term progression with period d to denote an infinite arithmetic
progression of non-negative integers with period d, whose first element, g, satisfies
0=a=d—1. A subprogression of a progression P is any progression which is a (not
necessarily proper) subset of P. It is easy to see that if d|d’, then every progression
with period d is the disjoint union of d’/d subprogressions with period d”.

The algorithm processes the vertices of the tree in three phases. During the
first phase each vertex » is assigned a power of 2, d(v), which can be thought of as
representing the ideal difference between the label of » and its parent. If it were
possible to achieve these ideal differences, the largest label used would be less than
2n. Duiing the next phase the vertices are processed in increasing order of d(v), and
each vertex v is assigned a progression P(v) with period d(»). These progressions will
satisfy a somewhat complicated set of conditions. Most of the complexity in proving
the correctness of the algorithm goes into proving that such a set of progressions can
always be found. During the final stage of the algorithm each vertex is assigned a
label which depends only on its progression and the label and ideal difference of its
parent. The upper bound of 4n is proved by noting that for each vertex », the actual
difference between its label and the label of its parent is bounded by twice its ideal
difference.

1 0
4 4 18 4 2 16
4 4 16 -8 8 20
4 % 16 7 1 16
8 (a} 20 {b)
(a) ideal differences d{v) (6} ideal labels I(v)

Y% 4N

Y5 4N

% LN g

Yy 8Nt

{¢) the ordering {d) progressions P(v) Ndenotes
the non-negative integers

0 0
5 4 2 5 4 2
13 12 23 8 8 7
21 24 20 13 18 12
33 17
(e) final labels L{v) {r) non~=convex labels £'(v)

Fig. 1
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For each vertex v of a rooted tree T with root r, let w(v) be the number of
vertices in the subtree of 7" which is rooted at v, If w>r we use F(v) to denote its
parent, and A(v) to denote the set of its proper ancestors. The first phase assigns
ideal differences d(v) and ideal labels /() recursively as follows. For the root r of T,
we define d(r)=1 and I(r)=0. For »sr, d(v)is defined to be the power of 2 such
that (2w(r)—I(F(©)))2=d(@)w(@)=2w(r) —I(F(v)). Intuitively d(») is the largest
power of two that we could hope to use as the “unit difference” in the subtree rooted at
» without causing the largest label in that subtree to be greater than or equal to
2w(r). I(v) is defined by I(v)=d(v) +I(F(»)). Note that the function 7 is not usually
a convex labelling since it is not necessarily one-to-one.

Figure 1 shows the assignments made by the phases of the algorithm for one
particular tree. Parts (a) and (b) show the ideal differences and ideal labels.

We first prove some easy lemmas about ideal differences and labels.
Lemma 3.1. For each vertex v we have I(v)<2w(r).

Proof. This is obvious if »=r, so suppose v=r. By definition d(v)w(@)+I(F(v))=<
<2w(r), and since w(@)=1 we have I(»)=d()+I(F()<2w(r). 1

Lemma 3.2, If ¢>0 and L is a convex labelling of T such that L(ry=0 and for
every other vertex v we have L(v)—L(F(v))=cd(v), then every label is less than
2ew(r).

Proof. From the definition of I(v) it is easy to see that L(v)=cI(») for all », which
implies L(»)<2cw(r) by Lemma 3.1. J

Lemma 3.3. If v#r then d(F(v))=d(®).
Proof. It suffices to show that (d(F(@))/2)w(@)<Qw(r)—I(F()))/2. We have
(dEFE@)/2)ww) = d(F(v))(w(F(v)) —1)/2 < 2w(r)—1(F(F())) —d(F@))))2 =
. = (2w() —I(F()))2
as desired. |}
Lemma 3.4. Suppose d(w)=d(F(v)). Then for each other vertex u with F(u)=F(v)
we must have d(u)>d(v).

Proof. Suppose d(u)=d(»). Then d(F()w(F@)=d(F®)(w@)+w@)+ lgz
d@)w®) +d@)wu) + d(F@)=(2w(r) — I(F©)))/2 +(2w(r) — I (F ()2 + d (F(v)

= 2w( (r% ;)(I (I; (©)) —d(F(®)))=2w(r)—I(F(F(»))) which contradicts the definition
of d(F(v)).

We now describe the second phase of the labelling algorithm. Let n=w(r)
andlet @, ...,v, be an ordering of the vertices of T such that d(v)=d(v,)=...
...=d(v,), and such that if »;=F(v}) then j<i. Lemma 3.3 implies that such an
ordering always exists. Figure 1(c) shows the ordering we will use for our example.
The vertices are assigned progressions in the order »,, ..., v,. The key point in the
assignment of progressions is a type of “locality principle”. Whenever possible the
progression P(v;) will be a subprogression of P(F(v)), and in general P(v;) will
be a subprogression of the progression of the closest possible of its ancestors. To
describe this precisely we must introduce some more notation. For each i=1, we
will specify an integer g(i)<i such that v, is an ancestor of v;. P(v;) will be a sub-
progression of P(v,(,) with period d(v;). For 1=i=j=n wedefine R(i,)=P)\U
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U{P(v): k=j and g(k)=i}. We think of R(i, /) as the remaining part of P(v;)

immediately after »; has been assigned its progression. Finally, for 1=i=j=n we

define c(i, /)= {1/d(): g()=i, i<k=j, vEA@D).

Lemma 3.5. There is an assignment of g(i) and P(v;) with the following properties:
@) If R(@i,j)#0, then R(i,j) is the disjoint union of a finite number

of progressions, say Py, ..., Py, such that their periods d,, ..., d; are powers of 2 with

max {d,, ..., dy=d(®)).

®) If 1<i<i’ and g(i)=g(@") then P@)\P(v;)=0.
© If g())<i<j and v€A@;) then R(,j—1)=0.
@) If i<i’ and P)NP(;)#0 then v,€A(v;).

() If i=j then c(i,j)=2(w(v)—1)/(2Qw()—I(®v)).
®) R, )0 for 1=j=n.

Proof. We begin by setting P(v,), the progression of the root, to be the non-negative
integers. It is easy to verify that the properties above hold whenever i’, j=1. Suppose
k=2 and that g(i), P(v;) have been assigned for 1=i=k—1 in such a way that
3.5(a)—3.5(f) are satisfied whenever i’, j=k—1. We now show how to assign g(k)
and P(v,) so that 3.5(a)—3.5(f) are satisfied whenever i’, j=k. We define g(k) to
be the maximal i such that v»,€A4(») and R(i, k—1)=0. In other words, g(k) is
the first vertex v; on the path from v, to the root with R(i, k—1)#0. By 3.5(f)
g(k) is well-define since »,€4(») and R(l, k—1)=0. By 3.5(a) there exists s=1
such that R(g(k), k—1) is the disjoint union P,U...UP;, where each P; is a prog-
ression with period d,=d(v,_,). Now d,=d(v,) since d(v;_))=d(v), so P, 1is the
disjoint union @,U...JQ, of subprogressions with period d(v,) where t=d(w)/d,.
We define P(v)=0,.

We now show that 3.5(a) is satisfied when j=k. First note that if ik and
i=g(k), then R(i, k)=R(i, k—1). Thus it suffices to verify 3.5(a) for R(g(k), k)
and R(k, k). If R(g(k), k)0, then R(g(k),k) is the disjoint union P U..
UP,_,UQ,U...UQ, ; and the period of each progression is at most d(v,).
Finally R(k, k)=P(v,) which obviously satisfies 3.5(a).

It is obvious that 3.5(b) is satisfied for i’=k since P(v)cR(g(k), k—1)=
=P@\U{P@): i=k—1 and g(i)=g(k)}, and 3.5() is satisfied for j=Fk
by the definition of g(k).

We now prove that 3.5(d) is satisfied for i’=k. Suppose i<k and PN
NP(v)=0. If i=g(k) we are done since 2,4,€A(v). In any case we have P(v;)N
NP(v,4) %0 since P(1)C P(vypy). Thusif i<g(k), since 3.5(d) holds for i"=g(k)
because g(k)=k—1, we have v,€A4(v,yy) which implies »,€4(y) as desired.
Hence we may assume g(k)<i which implies that v,5\€4(») by 3.5(d) since
i=k-—1. We will prove that in fact this case cannot occur. Consider the sequence
g@), g(g(®). ..., g’ (). Since g(s) is defined for each s>1 and g(s)<s, obviously
there is some j such that g/(i)=1. Let m be minimal such that g"(i)=g(k), and let
t=g™~1(i), where we use the convention that g"(i)=i. Since t<k, R{g(k), t—1)=8
and hence by 3.5(c) we must have g(¢#)=g™({)=g(k). This shows that Py
NP(v)=0. Now it it easy to see that P(v»;)C P(v,) since either 7=i or t=g™ (i)
where m—1=1. Thus P(»;)NP(v)=9, a contradiction.

Next we show that 3.5(e) is satisfied for j=k and 1=i=k. Let n(i)=
=|{h: h=k and v,€A(v,)}l. We will prove 3.5(¢) by induction on n(@). If n@@)=0,
c(i, k)=0 and since by Lemma 3.1 we have I(»)<2w(r) for all i, the statement
clearly holds. Thus suppose n(i)=>0. For l=m=k we define c'(m, k)=
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=2>{1/d()): g(j)<m; m<j=k, v,£A(@v)}. By 3.5(c) it is easy to see that
¢'(m, k)=max {0, c(m, k) —1/d(»,)}. Let S={m: F(v,)=v; and m=k). Then

c(i, k) = Z{1/d(v)+¢ (m, k): meS} = Z{max {1/d(v,), c(m, k)}: meS}.
We claim that for each m€S we have
max {1/d(v,), c(m, k)} = 2w (v,)/(2w(r)— I(v)).
First consider 1/d(v,). By definition we have (2w(r)—I(v))/2=d(v,)w(v,) and

rearranging this gives 1/d(v,)=2w(v,)/(2w(r)—1(»)) as desired. Now considering
c(m, k), by the inductive hypothesis we have

c(m, k) = 2(w(v.) —1)/2w(r)—1(v,)) = 2Hw (v,)/(2w (1)~ I(v)))

H= (2W (7‘) - ‘[(vl)) (W (Um) - 1)/(W (vm) (ZW (r) - I(Um)))'
Thus it suffices to show that H=1. Let X=(2w(r) —I(»))w(v,). Now
H = (X-Qw@)—1))/(X —d(v.) w(v,),

so H=1 if d,)w(v,)=2w(r)—I(») which holds by the definition of d(v,).
Thus  max {1/d(v,), c(m, k)}=2w(v,)/(2w(r)—I(v))). Finally, since 3 {w(v,):
meS}=w(v)—1, this yields c(i, &)=2(w()~1)/(2w(r)—I@)).

We conclude the proof by showing that 3.5(f) is satisfied for j=k. From the
preceding paragraph we have c(l,k)§2(w(r)—1)/2w(r)<1. Let J={i: g(i)=1,
l<i=k}, and let c(1, k)=b/d where 0=b<d and d is a power of 2 such that
d(w)=d for each i in J. Then by 3.5(b) we have P(v)"\P(v}) for i, i’ distinct ele-
ments of J, so it is easy to see that U{P(v;): i€/} is the disjoint union of b pro-
gressions Py, ..., P, of period d. Now by the definition of progression, since b<d
at least one of the numbers 0,1,...,d—1 is not in any of the P; and hence
R(1,k)=0. 1

Figure 1(d) shows the assignment of progressions for our example.

We are now ready to show how the progressions P(v) can be used to recursively
define a convex labelling. Let L(r)=0, and suppose we have defined L(F(v)). Then
L(v)=min {x€ P(v): x=L({F(»))+2d(F(®))}. Figure 1(¢) gives the labelling thus
obtained for our example.

Lemma 3.6, L(v)—L(F())=2d(»).

Proof. There are two cases to consider, d(»)>d(F(»)) and d(®)=d(F(»)). (We
cannot have d(v)<d(F(»)) by Lemma 3.3.) First suppose that d(v)>d(F(2)).
Note that since d(v) and d(F(v)) are powers of 2 we have d(v)=2d(F(v)). Since P(v)
has period d(v), obviously L(»)—(L(F(®))+2d(F(v)))<d(v), so L(v)—L(F®))<
<d(v)+2d(F(v))=2d(v). Now suppose d(v)=d(F(»)). Let F(»)=v, and v=v;.
By lemmas 3.3 and 3.4 and the choice of order »,, ..., v, we see that i</, and that
for any m with i<m<j, v; is not in A(»,). Thus R(,j—1)=P(v;), and hence
P@)=P(v)=P(v)=P(F(v)). Since L(F®))EP(F(@)), clearly

L(F(2))+2d(F@))¢ P(F®)) = P(v), so L(v) = L(F(v))+2d(F@)) =
= L(F())+2d().
Lemma 3.7. If us=v then L(u)>=L(®).

where
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Consequently if #€A4(v) then L(u)<L(v). Thus we may assume that u is not in
A() and, symmetrically, » is not in 4(x). Assume without loss of generality that

Proof. For every nonroot vertex w, since d(F(w))=>0, we have L(F(w))<L(w).
u=wv; and v=v; with i<i’. Now by 3.5(d) we see that P(x)P(v)=8 and since
L(u)¢P(u) and L(v)€P(») this shows that L()=L(»). |

Theorem 3.8. L is a convex labelling with norm less than 4n.

Proof. It is obvious from the definition that L(») is a nonnegative integer for each »,
and L is one-to-one by Lemma 3.7. Thus to prove that L is a convex labelling it suf-
fices to show that if F(v)sr then L(F(v))—L(F(F()))=L(v)—L(F(»)). Now by
Lemma 3.6 we have L(F(v))—L(F(F(v)))=2d(F(»)), and by the definition of L(v)
we have 2d(F(v))=L(v)—L(F(v)). Finally |L|<4n follows immediately from 3.2
and3.6.

Remark 3.9. The algorithm can be implemented to run in O(nlogn) time.

Proof. It is easy to check that the only phase of the algorithm which requires more
than linear running time is the actual assignment of the g(7) and the progressions
P(v;) in Lemma 3.5. At first glance, straightforward implementations of this phase
seem to require O(n®) time. However, with a little extra thought it is possible to give
an implementation using O(n log 1) time. We sketch such an implementation below.

During this phase we maintain a tree 77 so that immediately before the assign-
ment of g(j) and P(v;), T’ contains the vertices »; with R(i, j—1)#0 and the verti-
ces vj, ..., v, T is initialized to be the original tree T After the assignment of P(v;_,),
if that assignment caused R(g(j—1),j—1) to be §, the children of v,;_y in 77
become children of the parent of v,;_,yin T”. The vertex v ,_y, is then removed from
from T7. It is easy to see that with this initialization and updating procedure, T*
contains the desired set of vertices before each assignment. Moreover, immediately
before we assign P(v)), the father of »; in T is g(). Thus ignoring the updating of 77,
each assignment of g(j) and P(v;) can be done in constant time. Thus it suffices to
show that the total time needed for updating T’ is O (n log n). We do this by showing
that each vertex has O(log ») different parents in T during the entire phase.

First note that there are only O(log n) possible values for the ideal difference
d(v) of a vertex. Thus it is enough to prove that for each vertex w, any two of its
parents in 7~ have different ideal differences. If # and » are different parents in T’
of w, with u the earlier parent, then » must be an ancestor of u so d(v)=d(). Suppose
d(v)=d(u). By lemmas 3.3 and 3.4 the vertex » must have exactly one child " with
d(@)=d(). Now by the properties of the ordering, u cannot strictly precede v’
in v, ...,v,. Moreover, immediately after the assignment of P(v'), the vertex v
must be removed from T”. Because u does not strictly precede v’, the vertex u is still
in T” at this point, which makes it impossible for » to be a parent of w in T” at a later
time than u. Thus we must have d(v)<d(u). §

4. Open problems

We conjecture that for rooted trees our lower bound is tight, i.e.

Conjecture 4.1. Every rooted tree with n vertices has a convex labelling with norm less
than 2n.

2
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It is possible that with judicious choices of the progressions P(v), a convex
labelling with norm less than 2x could be obtained in the following way. Define
L'(r)=0, and L'(»)=min {x€ P(v): x>L'(F(v))}. Clearly L’(»)—L'(F@))=d(v),
and the arguments in the proof of 3.7 show that L’ is one-to-one. However in order
for L’ to be a convex labelling we also need L'(»)—L'(F(©))=L'(F(2))—L (F(F(v)))
whenever F(v)=r. This would certainly hold if the following conjecture is true.

Conjecture 4.2. For every tree T, there is an assignment of progressions P(v) to the
vertices of T such that the function L’ defined by L'(r)=0, and L'(v)=min {x€P(v):
x=>L'(F(v))} for v#r, satisfies L'(v)—L'(F(®))zd(F(v)).

Figure 1(f) shows the labelling L’ obtained from the progressions given in
Figure 1(d). L is not a convex labelling as can be seen by examining the path
¥y, Vg, ¥yy. However, merely changing P(vyy) to 16N +3 solves this problem. Un-
fortunately it is not hard to find examples requiring a much more complicated rear-
rangement of progressions in order to obtain an L’ which is convex.

The question for unrooted trees seems even more difficult. It would be inte-
resting to see an algorithm which takes advantage of the flexibility available in placing
the root.
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